Abstract. This is a continuation of the study of strongly self-absorbing actions of locally compact groups on C * -algebras. Given a strongly selfabsorbing action γ : G D, we establish permanence properties for the class of separable C * -dynamical systems absorbing γ tensorially up to cocycle conjugacy. Generalizing results of both Toms-Winter and Dadarlat-Winter, it is proved that the desirable equivariant analogues of the classical permanence properties hold in this context. For the permanence with regard to equivariant extensions, we need to require a mild extra condition on γ, which replaces K1-injectivity assumptions in the classical theory. This condition turns out to be automatic for equivariantly Jiang-Su absorbing C * -dynamical systems, yielding a large class of examples. It is left open whether this condition is redundant for all strongly self-absorbing actions, and we do consider examples that satisfy this condition but are not equivariantly Jiang-Su absorbing.
Introduction
This is a continuation of my previous paper [20] , which introduced (semi-)-strongly self-absorbing C * -dynamical systems and provided an equivariant McDuff-type theorem characterizing equivariant tensorial absorption of such systems, generalizing classical results of Toms-Winter [23] and Kirchberg [13] . The primary motivation comes from the fundamental importance of strongly self-absorbing C * -algebras within the Elliott classification program for simple, nuclear C * -algebras. Early on, the Cuntz algebras O 2 and O ∞ have arisen as cornerstones of the classification of simple and purely infinite C * -algebras, known as the Kirchberg-Phillips classification; see [14, 19, 12] . The method of localizing the classification of a certain class of C * -algebras at a strongly self-absorbing C * -algebra, such as the Jiang-Su algebra or a UHF algebra of infinite type, was coined by an influential paper [26] of Winter, and has become a key method in state-of-the-art classification results such as [5] . It stands to reason that introducing strongly self-absorbing C * -dynamical systems could lead to new and significant input into the classification of group actions on C * -algebras. This area is of fundamental importance, but surprisingly underdeveloped considering how far the classification of group actions on von Neumann algebras has progressed in comparison. The reader is referred to the introduction of the prequel [20] and the references therein for a brief historical overview of the significant achievements within these subjects. The reader is in particular recommended to consult Izumi's survey article [9] in order to get an idea about recent developments in these subjects.
Strongly self-absorbing C * -algebras have historically been looked at by example, but for the first time conceptually fleshed out by Toms-Winter in [23] , and later enhanced by Kirchberg's work [13] on central sequence algebras. A significant achievement of these papers was, among other things, to prove highly non-trivial permanence results for D-stable C * -algebras in an abstract and elegant fashion, where D is any strongly self-absorbing C * -algebra. While the prequel [20] of this paper is primarily concerned with providing an equivariant McDuff-type theorem and discussing examples, this paper is focused on proving equivariant analogues of the permanence properties that hold in the classical context. There are some permanence properties that follow, either directly or without too much effort, from the equivariant McDuff-type theorem and general properties of the central sequence algebra. These are treated in the first section and concern the passage to invariant hereditary subsystems, equivariant quotients, equivariantly Morita equivalent systems, or equivariant inductive limits. Some of these were in fact observed already in collaboration with Barlak [1] as a consequence of more general observations about sequentially split * -homomorphisms between C * -dynamical systems.
As is the case in the classical theory, it poses a far greater challenge to show that the absorption of a (semi-)strongly self-absorbing action is preserved under forming equivariant extensions. This is one of the main objectives of this paper. Since the proof of the classical result is already very technical, it is not surprising that the proof in the equivariant context has to be done with extra care to respect the underlying dynamical structure. Moreover, the proofs in the classical context from [23, 13] make use of K 1 -injectivity in an essential way, or rather that the commutator subgroup of the unitary group of a strongly self-absorbing C * -algebra is in the connected component of the unit. This later turned out to be redundant due to Winter's result [25] that every strongly self-absorbing C * -algebra is Z-stable. An equivariant analogue of this unitary commutator condition, which we name unitary regularity, plays a key role from the second section onward. A G-action α on a unital C * -algebra A is called unitarily regular, if for two unitaries u, v ∈ A, which are approximately fixed by α on a large compact subset of G, the unitary commutator uvu * v * ∈ A can be connected to the unit 1 A by a continuous path that goes entirely through unitaries that are approximately fixed by α on that compact set. As it turns out, a semistrongly self-absorbing G-action γ is unitarily regular precisely when the class of all separable, γ-absorbing G-C * -dynamical systems is closed under equivariant extensions; see Theorem 4.9.
Along the way, we will also prove an equivariant analogue of an important result of Dadarlat-Winter [4] , which asserts that unital * -homomorphisms of the form D → A ⊗ D are unique up to strong asymptotic unitary equivalence. The equivariant version states that for semi-strongly self-absorbing C * -dynamical systems (D, γ), unital and equivariant * -homomorphisms of the form (D, γ) → (A, α) are unique up to strong asymptotic G-unitary equivalence (cf. Definition 2.1), if α is strongly cocycle conjugate to α ⊗ γ. The classical result again makes use of K 1 -injectivity in an essential way, and we prove the equivariant version under the condition that γ is unitarily regular; see Theorem 2.15. In fact, proving this result earlier in the second section comes in handy when applying it to the permanence of γ-absorption under equivariant extensions, and spares us some of the technical computations that were necessary in [23, 13] .
As unitary regularity for semi-strongly self-absorbing actions is essential for proving the more difficult results of this paper, it is natural to ask how abundant this condition is. Unitary regularity turns out to be automatic for equivariantly Z-stable actions, thus providing a large class of examples. We will also discuss examples that are not equivariantly Z-stable, and in particular, the equivariant analogue of Winter's result [25] does not hold in complete generality. However, all examples of semi-strongly self-absorbing actions that I know of are unitarily regular, and it would not be surprising if it ends up being redundant in this case.
Although the objectives of this paper are of a somewhat technical nature, I expect that further developement of the general structure theory of semistrongly self-absorbing actions will inevitably bear fruits in applications to classification. For example, it is discovered in joint work with Hirshberg, Winter and Wu in [7] that the classical permanence of D-stability under extensions can be applied in a surprising way to show D-stability for certain (possibly simple) crossed products by flows. Applications of this spirit in a more dynamical context, using the results presented here, will be pursued in subsequent work.
Part of this research was conducted at the Mathematics Department of the University of Kyoto during a research visit in January 2016, and parts of this paper were completed during a visit to the institute Mittag-Leffler between January and March 2016. I am grateful to both institutes for their kind hospitality and support. I am moreover grateful to Selçuk Barlak, Masaki Izumi, Sven Raum, Wilhelm Winter, Jianchao Wu and Joachim Zacharias for some inspiring discussions on the subject of or subjects closely related to this paper.
Preliminaries
Notation 1.1. Unless specified otherwise, we will stick to the following notational conventions in this paper:
• A and B denote C * -algebras.
• M(A) denotes the multiplier algebra of A.
• G denotes a second-countable, locally compact group.
• The symbol α is used for a continuous action α : G A.
• If α : G A is an action, then A α denotes the fixed-point algebra of A.
• If (X, d) is some metric space with elements a, b ∈ X, then we write a = ε b as a shortcut for d(a, b) ≤ ε.
• For real numbers ε n ∈ R, the notation ε n ց 0 shall mean ε n > 0 and that the sequence converges to zero.
• Given a σ-compact space X and compact subsets ∅ = K n ⊂ X, the notation K n ր X shall mean K n ⊂ K • n+1 and X = n∈N K n . We first recall some needed definitions and notation. 
In this case, the map α w : G → Aut(A) given by α w g = Ad(w g ) • α g is again an action, and is called a cocycle perturbation of α. Two Gactions on A are called exterior equivalent if one of them is a cocycle perturbation of the other.
(ii) Assume that w is an α-1-cocycle. It is called an approximate coboundary, if there exists a sequence of unitaries x n ∈ U(M(A)) such that Remark 1.3. In this paper, it is necessary to make use of (central) sequence algebras and their continuous versions with respect to a given action on the underlying C * -algebra, which we shall recall below. We note that we will only need (central) sequence algebras arising from the Fréchet filter of cofinite sets, even though one could, in principle, use other filters as well. This is merely a matter of taste; in fact, it should be emphasized that all results in this paper can also be proved by working with ultrapowers, with slightly changed definitions. All the reindexation tricks carried out here will work with an elementary hands-on approach, which is one of the reasons why it is presented using ordinary sequence algebras. In other applications, it might be useful to work with ultrapowers, but then the hands-on reindexation tricks have to be replaced with applications of the so-called ε-test of Kirchberg, see [13, A.1] or [15, 3.1] , which uses the axiom of choice. 
There is a standard embedding of A into A ∞ by sending an element to its constant sequence. We shall always identify A ⊂ A ∞ this way, unless specified otherwise. (ii) Pointwise application of α on representing sequences defines a (not necessarily continuous) G-action α ∞ on A ∞ . Let
] is continuous} be the continuous part of A ∞ with respect to α. (iii) For some C * -subalgebra B ⊂ A ∞ , the (corrected) relative central sequence algebra is defined as
be the continuous part of F (B, A ∞ ) with respect to α. . Let D be a separable, unital C * -algebra and G a second-countable, locally compact group. Let γ : G D be an action. We say that (i) γ is a strongly self-absorbing action, if the equivariant first-factor em-
is approximately G-unitarily equivalent to an isomorphism. (ii) γ is semi-strongly self-absorbing, if it is strongly cocycle conjugate to a strongly self-absorbing action.
Let us recall the main result from [20] , which we will use throughout. Note that we will only treat genuine actions instead of cocycle actions in this paper, so we only cite a special case. Theorem 1.6 (cf. [20, 3.7, 4.7] and [1, Subsection 4.5] 
is equivariantly sequentially split.
Remark. For the rest of this paper, an action α satisfying condition (i) from above is called γ-absorbing or γ-stable. In the particular case that γ is the trivial G-action on a strongly self-absorbing C * -algebra D, we will say that α is equivariantly D-stable.
Let us first prove or recall some of the permanence properties of γ-absorbing C * -dynamical systems that follow from the above theorem either rather directly or without too much effort. Remark 1.7. Let G be a second-countable, locally compact group. Let A be a separable C * -algebra and α : G A an action. Let J ⊂ A be an α-invariant ideal and π : A → A/J the quotient map. We have a naturally induced action α mod J :
+ J for all a ∈ A, which is well-defined because J is α-invariant. Consider the quotient map π ∞ : A ∞ → (A/J) ∞ that is induced on sequence algebra level via componentwise application of π. Then π ∞ is equivariant with respect to
, and thus we obtain a welldefined, unital and equivariant * -homomorphismπ ∞ : 
The following was proved in [1] Proof. Let (A (n) , α (n) ) be a sequence of γ-absorbing G-C * -dynamical systems with connecting maps ϕ n : (A (n) , α (n) ) → (A (n+1) , α (n+1) ). Let (A, α) be the equivariant inductive limit of this system. Then clearly
Then we have a commutative diagram of the form
for every n ∈ N. As the actions α (n) are γ-absorbing, the first two downward maps are equivariantly sequentially split by 1.6(iv). It then follows from [1, 3.16 ] that the last downward map is also equivariantly sequentially split. The claim follows from 1.6(ii).
A substantial part of the rest of this paper is dedicated to proving that under a mild (and possibly redundant) extra condition on γ, the class of all separable, γ-absorbing C * -dynamical systems is closed under extensions. In the classical setting, this is a highly non-trivial result of Toms-Winter from [23] . Along the way, we will also prove a strengthened uniqueness result for unital and equivariant * -homomorphisms of the form (D, γ) → (A, α), where α ≃ scc α ⊗ γ, following the example of Dadarlat-Winter [4] in the classical theory. We shall use the rest of this preliminary section to gather some technical tools that we need for this purpose. 
In particular, the sequence (x n ) n is a continuous element with respect to the componentwise action of α on ℓ ∞ (N, A). Proof. As γ is semi-strongly self-absorbing, we know (cf. [20, 4.6] ) that there is a unital and equivariant * -homomorphism ψ :
The statement is then a simple reindexation trick, whose details we omit.
The following is also proved via a simple reindexation trick: 
In order to prove the main results of this paper, we will need to carefully keep track of certain kinds of unitary homotopies in unital C * -algebras. In particular, given a unital C * -dynamical system (A, α) and a unitary u ∈ U 0 (A) that is approximately fixed by α, we need to consider when it is possible to find a unitary path connecting u with the unit 1 A , which goes entirely through unitaries that are still approximately fixed by α. This requires some extra care and gives rise to some technical observations that we shall treat for the rest of this section. Notation 1.14. Let G be a second-countable, locally compact group. Let A be a C * -algebra and α : G A an action. For ε > 0 and a compact set K ⊂ G, define the closed set (i) One has the product rules
(ii) It follows from an easy functional calculus argument that for every unitary u ∈ U(A) and 0 < ε < 2, the condition 
with w(0) = 1 and Π(w(t)) = u(t) for all 0 ≤ t ≤ 1.
We have for every g ∈ K and 0 ≤ t ≤ 1 that
By 1.11, we know that the elements in Π −1 (A ∞,α ) are continuous with respect to the induced action of α on ℓ ∞ (N, A). In particular, this implies that the map
is uniformly continuous on compact subsets. It thus follows from (e1.1) that we have lim sup
In particular, we can indeed find some sequence δ n ց 0 such that
The sequence of unitaries u n = w n (1) then has the desired properties.
The following acts as an equivariant analogue of what it means for a unital C * -algebra A that the commutator subgroup of U(A) is contained in U 0 (A). It will serve as a replacement for the K 1 -injectivity assumptions in Toms-Winter's and Dadarlat-Winter's work [23, 4] on strongly self-absorbing C * -algebras when we generalize some of their results to the context of semistrongly self-absorbing actions: Definition 1.17. Let G be a second-countable, locally compact group. Let A be a unital C * -algebra and α : G A an action. We say that α is unitarily regular, if for every compact set K ⊂ G and ε > 0, there exists
We shall observe that all equivariantly Z-stable actions fall into this class, thus providing a rich class of examples.
Lemma 1.18 (cf. [10, 2.6]). Let B be a unital C * -algebra and u ∈ U(B) a unitary with trivial
K 1 -class. Then u ⊗ 1 Z ∈ B ⊗ Z is homotopic to 1 B⊗Z .
Proposition 1.19. Let G be a second-countable, locally compact group. Let
A be a unital C * -algebra and α :
12. This gives rise to a commutative diagram of * -homomorphisms of the form C
Assume that (iii) holds and suppose that α is not unitarily regular. We are going to lead this to a contradiction. There exists a compact set K ⊂ G, a number ε > 0, a sequence δ n ց 0 and sequences 
. This is a contradiction.
2. Strong uniqueness for equivariant * -homomorphisms Definition 2.1. Let G be a second-countable, locally compact group, A and B two unital C * -algebras and α : G A and β : G B two continuous actions. Assume that A is separable. Let ϕ 1 , ϕ 2 : (A, α) → (B, β) be two unital and equivariant * -homomorphisms. We say that ϕ 1 and ϕ 2 are strongly asymptotically G-unitarily equivalent, if the following holds:
For every ε 0 > 0 and compact set K 0 ⊂ G, there is a continuous path of
Remark. We note that in the case of compact acting groups, a standard averaging argument allows one deduce that in fact, the unitary path w : [1, ∞) → U(B) from the above definition may be assumed to take values in the fixed-point algebra B β .
Remark 2.2.
Let γ : G D be a semi-strongly self-absorbing action and α : G A a γ-absorbing action on a unital C * -algebra. The aim of this section is to prove, under the mild extra condition of unitary regularity on γ, that unital and equivariant * -homomorphisms from (D, γ) to (A, α) are unique up to strong asymptotic G-unitary equivalence. The basic idea is the same as in [4] , but the proof has to be carried out in a way that respects the underlying dynamics. We will begin by first proving weaker uniqueness theorems of this kind. [20, 3.5] ). Let γ : G D be a strongly self-absorbing action on a separable, unital C * -algebra. Then there exist sequences of uni-
Proposition 2.3 (see
In exactly the same way as in the proof of [20, 4.3] , this fact carries over to all semi-strongly self-absorbing actions:
Notation 2.5. Let α : G A and β : G B be two actions on unital C * -algebras. Let ε > 0 and K ⊂ G a compact set. Let us say that a unital
Proposition 2.6. Let G be a second-countable, locally compact group. Let A be a unital C * -algebra and α : G A an action. Let D be a separable, unital
be two unital and equivariant * -homomorphisms. Then there exist sequences of unitaries u n , v n ∈ U(A) satisfying
Proof. This is completely analogous to the proof of [20, 3.4(iii) ].
Let us also record the following approximate uniqueness theorem, which will have its uses in the later sections:
(i) any two unital and equivariant * -homomorphisms ϕ (1) , ϕ (2) 
Proof. (i): Let C be a separable, α ∞ -invariant C * -subalgebra of A ∞,α containing the images of these * -homomorphisms. By 1.12, we can find a unital and equivariant * -homomorphism from (D, γ) to the relative commutant (A ∞,α ∩ C ′ , α ∞ ). But then, we have an induced commutative diagram of * -homomorphisms of the form
, where the map in the upwards direction is given by multiplication. By 2.6, it follows that ϕ (1) and ϕ (2) are approximately G-unitarily equivalent. Since the target of these * -homomorphisms is a (C * -dynamical system on a) sequence algebra, a simple reindexation argument shows that they are G-unitarily equivalent.
(ii): Let us assume that the statement does not hold. We are going to lead this to a contradiction. There exist certain ε > 0, F ⊂ ⊂D and K 0 ⊂ G and sequences δ n ց 0 and K n ր G, and moreover sequences ϕ (1) n , ϕ (2) n : D → A of unital, (δ n , K n )-approximately equivariant * -homomorphisms such that the above conclusion does not hold. As δ n → 0 and G = n∈N K n , we have two unital and equivariant * -homomorphisms
. By (i), we can find a unitary u ∈ U (A ∞,α ) α∞ with ϕ (2) (x) = uϕ (1) ) for all sufficiently large n. Moreover, it follows directly from the definition of the ϕ (i) that we also have ψ (2) n (x) = ε u n ψ (1) n (x)u * n for all x ∈ F and for sufficiently large n. But this gives a contradiction. D, γ) is approximately G-inner, say via a sequence u n ∈ U(A α εn,Kn ) with ε n ց 0 and K n ր G. Then ψ n = Ad(u n )•ϕ satisfies the desired property for sufficiently large n. Now consider the case where γ is semi-strongly self-absorbing. Since γ is strongly cocycle conjugate to a strongly self-absorbing action, the assertion follows by applying [20, 4. Proof. By 2.8, we can in particular construct some sequence of * -homomor-
n )-approximately equivariant with respect to some sequences δ n ց 0 and K (1) n ր G. Then this defines a unital and equivariant Then for every ε > 0, F ⊂ ⊂D and compact set K ⊂ G, there exists a unitary w ∈ U 0 (A α ε,K ) with wϕ 1 (x)w * = ε ϕ 2 (x) for all x ∈ F . Proof. Let ε > 0, F ⊂ ⊂D and compact set K ⊂ G be given. Choose a δ > 0 satisfying the property in 1.17 with regard to (ε, K). By 2.6, there exist 
Since we assumed α ≃ cc α ⊗ γ, we can find a unital and equivariant * -
. This induces two equivariant * -homomorphisms
The unitary
for all g ∈ K and x ∈ F . By 1.16, we may represent w by a sequence w n ∈ U 0 A α 3ε,K . For sufficiently large n, we then have w n ϕ 1 (x)w * n = 3ε ϕ 2 (x) for all x ∈ F , which shows our claim.
The following will serve as an equivariant version of a basic homotopy lemma: 
Then there exists a unitary path w
for all x ∈ F 1 . Moreover, we may choose w in such a way that
Proof. Let ε > 0, F 1 ⊂ ⊂D and K ⊂ G be given. Let η = ε/15. By 2.3, the action γ has approximately G-inner half-flip, so choose a unitary v ∈ U(D ⊗ D) with We define a new unitary path w :
We have for all g ∈ K and 0 ≤ t ≤ 1 that
Moreover, we have
Lastly, we have for all x ∈ F 1 and 0 ≤ t ≤ 1 that
(x)w(t).
Combining these calculations with the definition of η = ε/15 and δ = η/k, we get that indeed Remark 2.13. The very last part of the statement of 2.12 will be mostly irrelevant for proving the main results of this paper. However, we record a useful technical consequence for future use. The reader is advised to skip the following Lemma if he or she is only interested in the main result of this section.
Lemma 2.14. Let G be a second-countable, locally compact group. Let D be a separable, unital C * -algebra and γ : G D a strongly self-absorbing action. Let A be a unital C * -algebra and α : G
A an action with α ≃ scc α⊗γ. 
In other words, a unitary in the fixed-point algebra
with w(0) = 1 and Π(w(t)) = u(t) for all 0 ≤ t ≤ 1. We have for every g ∈ G and 0 ≤ t ≤ 1 that
By 1.11, we know that the elements in Π −1 (A ∞,α ) are continuous with respect to the induced action of α on ℓ ∞ (N, A) . In particular, this implies that the map
is uniformly continuous on compact subsets. It thus follows from (e2.9) that we have
, which is continuous by assumption and vanishes on the diagonal. Next, it follows from 2.9 that there exist sequences η n ց 0 and K n ր G such that ψ lifts to a sequence of * -homomorphisms ψ n : D → A so that ψ n is (η n , K n )-equivariant. Let ε j ց 0 be a sequence and F j ⊂ ⊂D an increasing sequence with dense union. For every j ∈ N, apply 2.12 and choose δ j > 0 and H j ⊂ ⊂D satisfying the given property for the triple (ε j , K j , F j ). For every j ∈ N, we can apply (e2.10) together with the approximate centrality of the sequence w n (1) to find a strictly increasing sequence n j ∈ N so that
for all n ≥ n j . Then by choice of the involved constants and 2.12, we can find unitary paths v n :
for all n j ≤ n < n j+1 and j ∈ N. Now it follows from (e2.12) and the continuity of f that the map
is a continuous unitary path. It follows from (e2.11) that v(1) = u. By the choices of ε j , F j ⊂ ⊂D and K j ⊂ G, it follows from (e2.13) and (e2.14) that
This finishes the proof. Now comes the main result of this section, which is a strengthened uniqueness theorem for equivariant * -homomorphsms from (D, γ). For the statement, recall the notion of strong cocycle conjugacy; see 1.2. Proof. Let ε 0 > 0 and
⊂ G be an increasing sequence of compact sets with G = n∈N K n . Choose a decreasing sequence ε 0 > ε 1 > ε 2 > . . . converging to zero. Let F n ⊂ ⊂D be an increasing sequence of finite sets with dense union. For every n ≥ 1 and every triple (ε n , F n , K n ), choose a pair (δ n , F ′ n ) satisfying the assumptions in 2.12, with (ε n , F n , K n ) in place of (ε, F 1 , K) and (δ n , F ′ n ) in place of (δ, F 2 ).
By inductively making the ε n smaller and the F n bigger, if necessary, we may assume F n+1 = F ′ n and ε n+1 ≤ δ n /2 for all n. By applying either 2.10 or 2.11, we can choose a sequence of unitary paths
for all x ∈ F n . Now observe that for all n ≥ 2, the map
for all g ∈ K n and 0 ≤ t ≤ 1, and moreover
for all x ∈ F n . Since we have chosen the sequence ε n so that ε n + ε n+1 ≤ 2ε n ≤ δ n−1 , we can apply 2.12 and obtain a unitary path w n+1 :
Let us now consider the unitary path w : [1, ∞) → U(A) given by
It follows from (e2.17) that this map is indeed well-defined and continuous. We are going to show that this path satisfies the desired properties from 2.1. As w(1) = 1 A is clear, (e2.1) follows. Moreover, we have for every
Since the union n∈N F n is a dense subset of D, it follows that indeed ϕ 2 = lim t→∞ Ad(w(t)) • ϕ 1 in point-norm. This verifies (e2.2). Furthermore, we observe that every compact subset K is eventually contained in one of the sets K n for sufficiently large n, and thus lim sup
This verfies (e2.3). Lastly, keeping in mind K 0 ⊂ K n for all n, we have
This verfies (e2.4). Since K 0 ⊂ G and ε 0 > 0 were arbitrary parameters, the claim follows. 
Then 2.15 implies that ϕ is strongly asymptotically Gunitarily equivalent to 1 ⊗ κ 0 . Since G is compact, the path of unitaries may be chosen to have image in the fixed-point algebra (C(X)⊗A⊗D) id ⊗α⊗γ . In particular, ϕ and 1 ⊗ κ 0 are homotopic as G-equivariant * -homomorphisms, which shows that X contracts to the point {κ 0 }. This can be used to make statements about the KK G -theory for strongly self-absorbing C * -dynamical systems, similar to [4, Section 3] . It is unclear whether one can make such statements about the KK G -theory for non-compact G. In the key step above, the application of 2.15 would then only give a homotopy that goes through (ε, K)-approximately equivariant * -homomorphisms for arbitrarily small ε > 0 and large compact sets K ⊂ G.
Equivariant σ-ideals
In this section, we will generalize Kirchberg's notion of a σ-ideal [13, 1.5] to the equivariant context. Note that for Z-actions, this has been already introduced by Liao in [16, 5.5 ] as a technical tool, and the notion of G-σ-ideals presented in this section coincides with his definition for G = Z. Definition 3.1. Let G be a second-countable, locally compact group. Let A be a C * -algebra with an action α :
there exists a positive contraction e ∈ (J ∩ C ′ ) α such that ec = c for all c ∈ J ∩ C.
As is to be expected, the typical examples for G-σ-ideals arise in the context of C * -dynamical systems induced on (central) sequence algebras. In this section, we consider some classes of examples in such a context. Lemma 3.2 (see [11, 1.4 A be a σ-unital C  *  -algebra, G a σ-compact, locally compact group and α : G an action. Let J ⊂ A be a separable, α-invariant ideal. Then there exists an approximate unit (e n ) n∈N for J such that max g∈K α g (e n ) − e n → 0 for every compact subset K ⊂ G, and such that (e n ) n is quasicentral relative to A. Example 3.3. Let G be a second-countable, locally compact group. Let A be a C * -algebra with an action α :
]). Let
Proof. Let C ⊂ A ∞,α be a separable, α ∞ -invariant C * -subalgebra. We choose a dense sequence c n ∈ C and a dense sequence in b n ∈ C ∩ J ∞,α . Let each c n and b n be represented by a bounded sequence c
respectively. Applying 3.2, we may choose a countable approximate unit h n ∈ C ∩ J ∞,α with max g∈K α ∞,g (h n ) − h n → 0 for every compact set K ⊂ G, and which is quasicentral relative to C. Let each h n be represented by a bounded sequence h
Using [1, 3.5] , we can find a strictly increasing sequence k j ∈ N such that
and sup
for all j ∈ N. Let e ∈ J ∞,α be the positive contraction defined by the sequence
for all n ∈ N. Moreover, we have
By the choice of b n and c n , we get that e ∈ (J ∞,α ∩ C ′ ) α∞ with eb = b for all b ∈ J ∞,α ∩ C. This shows our claim.
Example 3.4. Let G be a second-countable, locally compact group. Let A be a C * -algebra with an action α :
Proof. This is analogous to the proof of 3.3, so we omit the details.
The following is the main technical reason for the usefulness of G-σ-ideals: 
Proof. (i): The surjectivity follows already from the fact that J is an ordinary σ-ideal and has nothing to do with equivariance, see [13, 1.6] . The fact Remark 3.6. Let G be a locally compact group and let π : (A, α) → (B, β) be an equivariant, surjective * -homomorphism between G-C * -dynamical systems. Following the example of Kirchberg from [13, 1.5], we will say that π is strongly locally semi-split, if it satisfies condition 3.5(ii). In particular, the statement in 3.5 then tells us that an equivariant quotient map (and its restrictions to relative commutants of separable subsystems) is automatically strongly locally semi-split, if its kernel is a G-σ-ideal.
In order to exploit this strong lifting result, we shall show some non-trivial facts about the continuous parts of (central) sequence algebras that makes the concept of G-σ-ideals applicable in these cases. 
is an isomorphism. In other words, anyα ∞ -continuous element in
Proof. As C is separable, we choose a dense sequence c n ∈ C. Let each c n be represented by a bounded sequence c (n) k ∈ A. Applying 3.2, we may choose a countable approximate unit h n ∈ C with max g∈K α ∞,g (h n ) − h n → 0 for every compact set K ⊂ G. Let each h n be represented by a bounded sequence h
be an contraction and represent it by a bounded sequence x n ∈ A. Let K 0 ⊂ G be a compact neighbourhood of the unit and consider a sequence ε j ց 0. Then f :
We have for all n that x · h n ∈ A ∞,α is well-defined, and in fact
For every j, there is thus a large n j with
for all g ∈ K 0 and n ≥ n j . Applying 1.11 and uniform continuity on compact sets, we see that therefore lim sup
for all n ≥ n j . Since the h n ∈ C are an approximate unit, we also have
for all j ∈ N. So by making the n j bigger, if necessary, we may choose strictly increasing numbers k j so that
for all k ≥ k j . Considering the element y ∈ A ∞ defined by the bounded sequence
for all i ∈ N. But since the c i ∈ C are dense, it follows that y ∈ A ∞,α ∩ A ′ and x − y ∈ Ann(C, A ∞ ). This finishes the proof. 
Let x ∈ B ∞,β be an element represented by a bounded sequence x n ∈ B. By 1.11, the function f : G → [0, ∞) given by f (g) = sup n∈N β g (x n ) − x n is continuous. Choose a bounded sequence y n ∈ A with π(y n ) = x n for each n. Then we have
for every n ∈ N, and this convergence is uniform on compact subsets of G.
In particular, we may find a sequence of positive contractions h n ∈ J and a sequence K n ր G such that
for all g ∈ K n . Considering the bounded sequence z n = (1 − h n )y n ∈ A, we then have π(z n ) = x n for all n. For the resulting element z ∈ A ∞ , we moreover have
As f was continuous, this shows z ∈ A ∞,α and finishes the proof.
Extensions
In this section, we will show that given a semi-strongly self-absorbing Gaction γ, the class of all separable, γ-absorbing G-C * -dynamical systems is closed under equivariant extensions, at least under a mild extra condition. In fact, this turns out to be true precisely when γ is unitarily regular. 
and c.p.c. order zero maps µ i : 0, x, y 1 ) ∼ (0, x, y 2 ) and (1, x 1 , y) ∼ (1, x 2 , y) . The c.p.c. order zero maps µ 1 , µ 2 have no proper topological counterparts, however. For example, µ 1 would need to correspond to the (not well-defined) map X ⋆ Y to [0, 1) × X sending the equivalence class of a triple (t, x, y) to (t, x).
The following fact follows from the characterization of c.p.c. order zero maps as * -homomorphisms from the cone [27, 4.1] , and applying [8, 5.2] to the cones over D 1 and D 2 . See also the proof of [13, 1.17] , where this observation had previously appeared in a very similar context as this section. 
The following technical observation is most likely well-known among C * -algebraists. Since I could not find a reference for this specific statement, a proof is provided for the reader's convenience. Lemma 4.6. Let A be a σ-unital C * -algebra and J ⊂ A an ideal. Denote by π : A → A/J the quotient map. Let h n ∈ J be a countable approximate unit that is quasicentral relative to A, and let a n ∈ A be positive contractions such that the sequence π(a n ) ∈ A/J is a countable approximate unit. Then there is a sequence 1 ≤ n 1 < n 2 < . . . such that the sequence
defines a countable approximate unit.
Proof. Pick a strictly positive contraction b ∈ A. For every n ∈ N, we have
Using that h n is quasicentral, we may thus choose the n k such that
It then follows that 
be a short exact sequence of separable G-C * -dynamical systems. Suppose that there exist unital and equivariant * -homomorphisms
Then there exists a unital and equivariant * -homomorphism
,β ∞ be as above. Combining 3.7, 3.8, 3.3 and 3.5(i), we see that the two canonical maps
are surjective. By 3.3, 3.5(i) and 3.4, the kernels of both these maps are G-σ-ideals, respectively. So by 3.5(ii), they are strongly locally semi-split, and so is their composition. Let
be an equivariant c.p.c. order zero map lifting κ in the sense that
for all x ∈ D 1 . Then the positive contraction π ∞ (ψ ′ (1)) ∈ B ∞,β β∞ acts as a unit on B. By 3.2, we can choose a countable approximate unit h n ∈ J that is quasicentral relative to A and satisfies max g∈K α g (h n )−h n → 0 for all compact sets K ⊂ G. By passing to some suitable subsequence h n k , we can combine 4.6 with a reindexation trick and obtain a positive contraction h 0 ∈ (J ∞,α ) α∞ commuting with both ψ ′ (D 1 ) and A, and such that
α∞ acts as a unit on A. Consider the equivariant c.p.c. order zero map
which is still a lift for κ. Let C be the α ∞ -invariant C * -subalgebra of A ∞,α that is generated by (1)) = 0. We obtain another equivariant c.p.c. order zero map
Note that we still have
By assumption, there exists a unital and equivariant * -homomorphism from (D 2 , γ 2 ) to F ∞,α (J),α ∞ . By 1.13, there is thus also a unital * -homomorphism from (D 2 , γ 2 ) to F α (C 0 , J ∞ ),α ∞ . Combining 3.4, 3.7 and 3.5(ii), we see that the equivariant map
is surjective and strongly locally semi-split. So there is an equivariant c.p.c. order zero map ψ Here comes the main result of this section: ∞,γ (2) , γ
∞ .
Remark 5.2. Let G be a countable, amenable group. Let D be a separable, unital C * -algebra and γ : G D a semi-strongly self-absorbing action. If D is infinite, then D is a Kirchberg algebra. It is shown in [21] that all G-actions on Kirchberg algebras are equivariantly O ∞ -absorbing, so this is in particular the case for γ. If D is finite, then it has unique trace. As γ is semi-strongly self-absorbing, we have that for all g ∈ G, the automorphism γ g ∈ Aut(D) is either trivial or strongly outer. If N = ker(γ) is the kernel of γ, then we get a well-defined actionγ : G/N D,γ gN = γ g induced by γ, which is pointwise strongly outer. If G has property (Q) in Matui-Sato's sense [17, 2.4] , then so does G/N , and thusγ ≃ ccγ ⊗ id Z by [17, 4.10] . But then it follows trivially that γ was equivariantly Z-stable to begin with. Now every Weiss-tileable group has property (Q) by [24, 5.10] and there is no example of a countable, amenable group that is known not to be Weiss-tileable. In particular, we do not know of any example of a semistrongly self-absorbing action of a countable, amenable group that is not equivariantly Z-stable. As we will see further below, the situation is rather different for non-discrete acting groups, where such examples do exist.
The following elementary construction yields the existence of faithful and strongly self-absorbing actions of large classes of locally compact groups on strongly self-absorbing C * -algebras. Although this was hinted at in [20, Section 5] , it was not made explicit. is strongly self-absorbing by the above, but not equivariantly Z-stable. If it were, then the fixed-point algebra (M 2 ∞ ) γ would need to be Z-stable, as it embeds into the crossed product as a corner. However, this fixed-point algebra is known as the GICAR algebra (see [3, Section 5] ) and is well-known to have characters. On the other hand, the GICAR algebra is AF, and so all unitaries in the fixed point algebra (M 
